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Abstract

In this paper, some concepts of modular arithmetic and group theory are firstly introduced.
Then, some musical terms which can be understood without musical background are firstly
introduced. Moreover, it is described how to create a twelve-tone row chart using modular
arithmetic. Finally, mathematical group theory is applied in some music theory.
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Introduction

Virtually all scientific advances rely on some form of mathematics which is trying to
understand conceptual and logical truth, and appreciating the intrinsic beauty. We have known
that mathematics is the most abstract of the sciences and music is the most abstract of the arts.
The arts largely refer to the human experience. But both mathematics and music are built
around abstract patterns. Additional research has shown that human brains are marvelous at
pattern matching and pattern predicting, and these abilities are at the core of both mathematics
and music.

Some Concepts on Modular Arithmetic
Definition
A relation ~ on a nonempty set A is an equivalence relation if the following
conditions are satisfied for arbitrary x,y,z in A:

Q) x~ x (reflexive property);
(i) if x~ y,then y~ x (symmetric property);
@iii)  ifx~ y and y~ z,then x~ z (transitive property).

Definition

Let n be a positive integer greater than 1. For integers xand y, x is congruent toy
modulo n if and only if x—y is a multiple of n. We write

x=y (modn).

Theorem

The relation of congruence modulo n is an equivalence relationon Z .
Proof:

Let n>1,and x,y and z be arbitrary in Z.

(i) X=X (modn) since Xx—x=(n)(0).
(i) x=Yy (modn)implies x—y=nqforsome qeZ .
Thus y—X=n(-q)and—-qeZ,
y=Xx (modn).

(iii)  x=y (modn) andy=z (modn) imply

x—y=nq and y—2z=nk for some g,keZ.
Thus X—Z=X-y+y-z=ng+nk=n(g+k) andq+keZ,

X=z (modn). il
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Definition
The equivalence classes for congruence modulo n form a partition of Z, that is, they
separate Z into mutually disjoint subsets. These subsets are called congruence classes or
residue classes. There are n distinct congruence classes modulo n such that
[0] ={..,-2n,-n,0,n,2n,..}
1 ={..-2n+L,-n+11n+12n+1..}
[2] ={..,-2n+2,-n+2,2,n+2,2n+2,..}

[n-1] ¥{...,—n—1,—Ln—L2n—1,3n—L...}.
Let Z, denote this set of classes:

Z, ={[0L.[1.[2].....[n-1]}.

Example
When n =12, these classes appear as
[0] ={..,-24,-12,0,12,24,..}
[ ={..,-23-1111325,..}
[2] ={..,—22,-10,2,14,26,..}

:[11] ={..,-13-111,23,35,.. }.

Theorem
Q) The rule

[XI+[yI=[x+Y]
defines an addition that is a binary operationon Z, .
(i) Addition is associative in Z :
(IXI+[yD) + 21 =[X]+ [yl +[z]).
(iif)  Addition is commutative in Z :
DXI+[y1=[yl+[x].
(iv)  Z, has the additive identity [0].
(v)  Each [x] in Z, has [-X] as its additive inverse in Z ..
Proof:
See [3]. []

Theorem
0) The rule
XIly1=Dy]
defines a multiplication that is a binary operation on Z .
(i) Multiplication is associative in Z :
(XILyDIz] = [X1([y1lz]D) -
(ilf) ~ Multiplication is commutative in Z,, :
[XILyl=[yIIX].
(iv)  Z_ has the multiplicative identity [1].
Proof:
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See [3]. 0

Definition
An integer d is the greatest common divisor of x and y if
(i) d isapositive integer,
(i) d|x andd]|y,
(iii) c|x and c|y imply c|d.
Definition
The two integers x and y are relatively prime if their greatest common divisor is 1.

Theorem
An element [X] of [J  has a multiplicative inverse in [1  if and only if x and n are

relatively prime.

Proof:

See [3]. [
Corollary

Every nonzero element of LI | has a multiplicative inverse if and only if n is a prime.
Proof:

See [3]. [

Some Concepts and Definitions on Music

Definitions

A musical tone is the quality of sound which is the result of a regular vibration
transmitted through the air as a sound wave. The pitch of a tone is the frequency of the
vibration.

Note that the frequency is usually measured in cycles per second, or hertz (Hz). The
range of audibility for the human ear is about 20Hz to 20,000Hz. However, we will associate a
positive real number x with the frequency x Hz, in order that the set of pitches is in one to one
correspondence with the set R™.
Definitions

The specific pitches are called notes. The interval between two notes is the distance
between their two associated pitches.

Table 1. Expression of notes and their frequencies

Note | Freduency Note | Freduerey
C, 261.63 FG.Gl, 370.00
CG,Dl, 277.19 G, 392.00
D, 203.67 A ,.GG 415.31
B, DG 311.13 A, 440.00
E, 329.63 Bl ,, AG 466.17
F, 349.23 B, 493.89

The twelve pitches of modern system are named by the first 7 letters of the alphabet.
Although each letter represents a different frequency, the letters are repeated when the
frequency of a pitch is doubled. The range of these pitches is known as an octave.
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The octave can be divided into 12 equal intervals in order that the frequency of each

pitch results from multiplying the previous one by 1\2/5 This is known as equal tempered
tuning.
Definitions

The difference in frequency between each note is called a semitone. The symbol G
which is called sharp, is used to denote a pitch that is a semitone above the original and the
symbol | which is called flat, to denote a pitch that is a semitone below the original, and a
natural h cancels the effect of a sharp or a flat.

Definitions
The set of twelve notes is said to be chromatic scale and it is musically denoted by
E,F,FGG,GGA AGB,C,CGD, DC.

Since two successive notes differ by a semitone, the note which is a semitone above G
is denoted by GC. But this note is also a semitone below A, it can also be denoted as Al . This
property of the notes which have multiple names in equal tempered tuning is known as
harmonic equivalence.

As all multiples of a certain frequency are represented by the same letter, it is
mathematically convenient to represent the set of twelve notes by the integer modulo 12, where
each element is a class and represents an infinite set of numbers.

FG GC AG CG DG
2 4 6 9 1

E
0 1 3 |5 7 |8 10

Figure 1. Notes assigned to the elements of Z,,

Creating an n-Tone Row Chart by Using Modular Arithmetic

We are able to create n-tone row chart by using modular arithmetic. Let ne[l” and
a,,a,,...,a, be an original row such that

a, =[0],a,,...,a,
from [J . Then we will make the nxn row chart by taking

entry (i, j)=a; — g

Twelve-Tone Row Chart
A twelve-tone composition is based on a row chart, which is a 12 by 12 array having
the following properties:
Q) Each entry is one of 12 note-classes modulo octave.
(i) Each row and each column contains each note class precisely once.
(iii)  All entries can be obtained from the top row as follows.
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The leftmost column is the inversion of the top row. That is, the interval from the top
left note class to the n™ entry in the left column is the opposite of the interval from the top left

note class to the n™ entry in the top row.
The subsequent rows are transpositions of the top row. That is, they are obtained by
starting with the left entry which has been provided above and transposing the first row. Thus,

the intervals from entry 1 to entry m in the n™ row is the same as the interval from entry 1 to
entry m in the first row.

Then, the columns will be transpositions of the inversion of the original row, or,
equivalently, inversions of the various transpositions of the original row. The number of
possible original rows is

12!1=12-11-10-9-8-7-6-5-4-3-2-1.

Example
Consider the original row

ECFDUDGCGB AGG FG A GG.
Let E be our designated note class. According to modular interval from E, the

sequence is

(0] 81 [ [o1 [ o1 [71 161 [31 [21 [3] [4].
Let the sequence be started with [0]. Then, by replacing each entry in the sequence by its
additive inverse or negative, the inversion of the given row is obtained as follows.

[01 [41 01 [21 [ [31 [5] [6] [®1 [0] [7] [8].

Next, we label the entries of the original row as:
a=[0] a=[4 a=[01 a=[2] a=[1 a=[3
a, =[5] a;=[6] a=[9] a,=[0] a,=[7] a,=[8].
Giving by the negatives in Z,, the first column will be the inversion such that
-a=[0] -a,=[8] -a;=[] -a=[0] -a=[1] -a,=[]
—a; = [7] —& = [6] — = [3] —8y, = [2] —a, = [5] —a, = [4].

The (i, j)™ entry should make the interval a; with leftmost entry in the i row, which
is —;. Thus, by filling a; —a, in the position of the (i, j)" entry, we obtain the following row
chart.

Table 2. Twelve-tone row chart with modular integers

[0] | [8] | [1] | [10] | [11] | [91 | [7] | [6] | 3] | [2] | [5] | [4]
[4] | [0] | [5] | [2] | 381 | [1] |[11] | [10] | [7] | [6] | [O] | [8]
[11] | [7] | [0] | [9] |[10] | [8] | [6] | [5] | [2] | [1] | [4] | [3]
[2] | [10] | [3] | [O] | [1] | [11] | [°] | [8] | [5] | [4] | [7] | [6]
[1] | [ | [2] | [A1] | [O] |[101 | [8] | [7]1 | [4] | [3] | [6] | [5]
[31 | [11] ) [41 | [4] | [2] | [0] |[10] | [9] | [6] | [5] |[8] | [7]
[5] | [1] | [6] | [381 | [4 | [2] | [0] | [11] | 8] | [7] | [10] | [9]
(6] | [2] | [71 | [4] | [5] | [3] | [1] | [0] | [91 | [8] | [11] | [10]
[°1 | [5] | [10] | [/] | [8] | [6] | [4] | [38] | [0] | [11] | [2] | [1]
[101 | [6] |[11]] [8] | [®] | [7] | [5] | [4] | [1] | [0] | [3] | [2]
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(71 | 31 | (8] | [5] | 6] | [4] | [2] | [1] |[20] | [O] | [O] | [11]
81 | [4] | [°]1 | [6] | [71 | [5] | 3] | [2] | [11] | [10] | [1] | [O]
We draw the modular clock as follows:
[0]
[11] [1]
[10] [2]
[9] [3]
8] [4]
[7] [5]
[6]
Figure 2. Modular clock
From Table 2 and Figure 2, we obtain Table 3.
Table 3. Twelve-tone row chart with note classes
E|C|F | D |DG|CG|lB |AG| G |FG| A |GC
GG| E A FG| G F DG | D B AG| CG| C
DG | B E | CG| D C AG| A | FG| F GG| G
FG| D | G | E | F |DG|CG|C | A |GC| B | AG
F |CG| FG| DG| E D B | GG| G AG| A
DG | GG | E FG| E CG| AG| A |C B
A F AG| G GC | FG DG | C B D | CG
AG| FG| B GC| A G E CG| C DG| D
CG| A D B C AG| GG | G E DG | FG| F
AG| DG| C | CG| B A | GG| F E FG
B G C A | AGI GC| FG| F D | CG| E DG
C |GG | CG| AG| B A G FG| DG| D E

Example

We will make a seven-tone composition. Let the original row be
B GEF C A D.

275
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Let & =[0],a, =[5].a, =[3].a, =[4].a; =[1].a, =[6].a, =[2].
method, we have the following row chart:

Table 4. Seven-tone row chart with modular integers
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By using the above

[0] [5] [3] [4] [1] [6] [2]
[2] [0] [5] [6] [3] [1] [4]
[4] [2] [0] [1] [5] [3] [6]
[3] [1] [6] [0] [4] [2] [5]
[6] [4] [2] [3] [0] [5] [1]
[1] [6] [4] [5] [2] [0] [3]
[5] [3] [1] [2] [6] [4] [0]
Table 5. Seven-tone row chart with note classes
B G E F C A D
D B G A E C F
F D B C G E A
E C A B F D G
A F D E B G C
C A F G D B E
G E C D A F B

Definition

Some Concepts on Group Theory

Let the binary operation * be defined for elements of a nonempty set G. Then
G =(G,*) is a group with respect to * if the following conditions hold:

(i) G is closed under *. Thatis, XxeG,yeG imply that Xx*yeG.

(ii) = is associative. Thatis, (x*y)*z=x*(y=*z) forevery X,y,2€G.
(ili) G has an identity element e. That is, there isan e in G such that x*xe=e=*x=x for

all xeG.

(iv) G contains inverses. That is, for each a € G, there exists b e G such that

ax*b=bxa=e.

Definition

Let G be a group with respect to =. Then G is called a commutative group or
abelian group if * is commutative, that is, x=y =y=x foreveryXx,y€G.

Example

Let G ={e, X, Yy, z} with multiplication, - , as defined by the following table.
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Table 6.

N ([ <|[X | ®

N |[<|X |®|®
D |IN | <| X | X
X | D |IN|I<K |
<[X | D | N |N

From the table 6, we observe the following:

Q) G is closed under this multiplication.

(i) e is the identity element.

(i)  Eachof e and vy its own inverse, and z and x are inverses of each other.
(iv)  This multiplication is commutative.

Hence G is an abelian group.

Example
The table 7 defines a binary operation * on the set G ={a,b,c,d}.
Table 7.
* a b c d
a b c a b
b C d b a
c a b C d
d a b d d
From the table 7, we observe the following:
Q) G is closed under .

(i) c is the identity element.
(ili))  d does not have an inverse since d *x =c has no solution.
Hence G is not a group.

Example
The set Z, ={[0],[1].[2]....,[n—1]} of congruence classes modulo n forms an abelian

group with respect to addition.

Theorem
Every group G satisfies the following properties:
Q) The identity element is unique.

(i) For every x G, the inverse X is unique.
Proof:
See [3]. []

Some Concepts on Mathematical Music Theory
Definitions
The sets of notes are known as chords. Chords which contain exactly three notes,
modulo octave, are called triads. These notes are said to be the root, the third and the fifth,
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respectively. Since the triads are sets, the order is not important except to identify the root
although each triad has the name of its root.

Definition

The chord {a,b,c} where a,b,ceZ,, is said to be a major chord if b=a+4 and
c=a+7.
Definition

The chord {a,b,c} where a,b,ceZ,, is said to be a minor chord if b=a+3 and
c=a+/7.

Definition

Let M Dbe the set of all chords (major and minor). That is,

M ={{a,a+3,a+7}{A A+4,A+T7} a,AcZ,}.

An element x in M is a triad, where X={a,b,c} and a,b,cez,. Since
Z,={[0],...,[11]}, aeZ,, means that [a]eZ,,. They are said to be pitch classes because
every note from E to DG represents all multiples of those pitches.

As an example, take the E major chord, X={0,4,7}. If E major is seen as a class of
triads, it would be represented in the following ways:

E =[x]={[01[4],[7T} ={ ... {-12,-8,~5},{0,4, 7},{12,16,19},.. }.

Definition
Let xe M , where X={a,b,C}. A transposition is a function T.:M — M given by
T.(0)=T,({a, a,,a,}) =x+n={a +n,a, +n,a, +n},
where neZ.
Although T, can only be applied to the 24 triads in M , there is an infinite number of

transpositions as nez. After having transposed a triad 12 times, the same sequence is
obtained. For example,

T, (E)=T,({0,4,7}) ={0,4,7}
T.(E)=T,({0,4,7}) ={158}

T,(E) =T,,({0,4,7}) ={0,4, 7} =T, (E)
T(E) =T,,({0.4,7}) ={L.5,8} =T,(E)

Example
We will show that the operations on T are well defined. That is, if [x] is a triad of

pitch classes in M , for every x, X, €[X] we have T (x)=T,(X,).

Let x,% €[x]eM, where x, =(a,b,c,) and x,=(a,,b,,c,). Then x, and x, are
elements in the class of triads [x] =([a],[b],[c]) . We see that a,a, e[a]eZ,,, b,b, e[b]e Z,,
and c,,c, €[c]eZ,,. Then

T.((a, b)) =(a +n,b +n,c +n)
and
T.(a,.b,,c,)) =(a, +n,b, +n,c, +n).
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Since a €[a]and a, €[a],
(&, +n) e[a+n]and (a,+n)e[a+n].

Similarly,
(b, +n), (b, +n) e[b+n]and (c, +n),(c, +n)e[c+n].
Then
T.(6) =T,(a,b.c.))
=(a,+n,b +n,c +n)
=(a,+n,b,+n,c,+n) =T ((a,,b,,c,)) =T, (X,).
Definition

Let xe M, where x={X,, X,, X,}. An inversion is a function I_:M — M given by
I,(X) =1, {X, X,, X;}) ==x+n={-X,+n,—X, +n,—X, +n},
where neZ.
As in the case of the transpositions, there are 24 triads to invert and an infinite number

of inversions of each triad. However, when we invert a triad and then transpose it 12 times, the
same sequence is obtained. For example,

1,(E) =1,({0.4,73) ={0,8,5}
,(E)=1,({0,4,7}) ={1,9,6}

|12(E) = |12({0747 7}) :{01815}: Io(E)
|13(E) = |13({0’ 4, 7}) ={l9,6}= |1(E)

Example
We will show that the operations on | are well defined. That is, if [x] is a triad of

pitch classes in M , for every X, X, €[X] we have I (x)=1,(x,).

Let x,X, €[x]eM , where x =(a,b,c) and x,=(a,,b,,c,). Then x, and x, are
elements in the class of triads [x]=([a],[b].[c]). We see that a,,a, [a],, b,b, e[b]e Z,,
and c,,c, €[c]eZ,,. Then

(. b;,¢)) =(=a,+n,—b +n,—¢,+n)
and
1,(a,.b,,c,)) =(-a, +n,—b, +n,—c, +n).
Since —a, e[a]and —a, €[a],
(-a,+n)ela+n] and (—a,+n)e[a+n].
Similarly,
(b, +n), (b, +n) e[b+n] and (—c, +n),(-c, +n) e[c+n].
Then
1,00 =1,(ab.c))
=(—a +n,—b +n,—c +n)
=(-a,+n,—b,+n,—c, +n)
= |n(<a2,b2,C2>)
=1.(x,).
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Definition

The set of all the transposition and inversion functions is denoted as Tl , and is defined
as

TI={T,,1,|n=0,...,11}.

Lemma

Inthe TI set, there exist the following relations:

(l) Tm OTn :Tm+n mod12 !

(ii) Tooly =1 modi2s

(iii) L T =Tinn modi2

(iv) Iyl :Tm—n mod12 *
Proof:
)  ToT, =(T,°T,){ab.c})

=T, (T, {a,b,c}))

=T ({a+n,b+n,c+n})
={a+n+m,b+n+m,c+n+m}
={a+(n+m),b+(n+m),c+(n+m)}
=T modz2 -
(i)  Tyel, =T, 1){ab.c})
=T.(I,({a,b,c}))

=T . {-a+n,—b+n,—c+n})

={~a+n+m,—b+n+m,—Cc+n+m}
={-a+(n+m),-b+(n+m),—c+(n+m)}
= linin modi2 -

@iy 1,°T, =(l,-T,){ab,c})
=1,(T,({a,b,c}))
=1, ({a+nb+n,c+n})
={-(a+n)+m,—(b+n)+m,—(c+n)+m}
={-a+(m-n),-b+(m-n),-c+(m-n)}
=l modt2 -

(iv) .ol =(,°1){ab,c})
=1,(1,({a,b,c}))
=1 ({-a+n,-b+n,—c+n})
={—(-a+n)+m,—(-b+n)+m,—(-c+n)+m}
={a+(m-n),b+(m-n),c+(m-n)}
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:Tmfn mod12 * i
Proposition
For every N,k €Z such that n=kmod12, T, =T, and I =1,.
Proof:
As n=kmod12, then N=120+K for some g€ Z . Hence
T, :T12q+k :T12q oT, = (To)q oT, = O oT, =T,
where i is the identity transformation (or the translation by 0) and
In=|12q+k =T12q°|kZ(-ro)qolkz(i)qolkzlk' i
Theorem
The TI set forms a group under composition.
Proof:
Clearly TI is nonempty. For all f,g €Tl by the above lemma,

fog=heTl,
Therefore TI is closed under composition.
By the properties of the composition of functions, the operation o is associative. i.e.,
foreach f,g,heTl,
(fog)eh="fo(geh).
Next, the following is satisfied:

0 n 0+n n
T,0Ty =T, ,=T,,
Toel, =1,,=1,,
I, oT,=1.,=1,.
Hence T, €Tl is the identity element.
On the one hand the relationships:
Tl =Thn, =T, =T,
and
Tonely=Tonn=Tn =T,
implies
Tn‘l =T, -
On the other we have
l,ol, =T . =T,

and this shows that I.* =1 . Hence TI is a group under composition. O



282 University of Mandalay, Research Journal Vol. 11, 2020

Conclusion

Musical and mathematical notions are brought together, such as scales and modular
arithmetic, octave identification and equivalence relation, intervals and logarithms, tone and
trigonometry, equal temperament and exponents, overtones and integers, timbre and harmonic
analysis, tuning and rationality etc. Each of these notions enters the scene because it is
involved in one way or another with a point where mathematics and music converge. By
examining similarities between the two subjects on many different levels, from infant
development, to how the brain works with pattern, to the level of abstraction, to creativity and
beauty, we will arrive at the ultimate connection between the subjects; that similar patterns of
thought underlies both mathematics and music.
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